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Abstract

The classical Perceptron algorithm of Rosenblatt can be used to find a linear threshold
function to correctly classify n linearly separable data points, assuming the classes are
separated by some margin v > 0. A foundational result is that Perceptron converges after
Q(1/4?) iterations. There have been several recent works that managed to improve this
rate by a quadratic factor, to Q(y/logn/~v), with more sophisticated algorithms. In this
paper, we unify these existing results under one framework by showing that they can all
be described through the lens of solving min-max problems using modern acceleration
techniques, mainly through optimistic online learning. We then show that the proposed
framework also lead to improved results for a series of problems beyond the standard
Perceptron setting. Specifically, a) For the margin maximization problem, we improve
the state-of-the-art result from O(logt/t?) to O(1/t?), where t is the number of iterations;
b) We provide the first result on identifying the implicit bias property of the classical
Nesterov’s accelerated gradient descent (NAG) algorithm, and show NAG can maximize the
margin with an O(1/t2) rate; c) For the classical p-norm Perceptron problem, we provide
an algorithm with Q(+/(p — 1) logn/v) convergence rate, while existing algorithms suffer
the Q((p — 1)/7?) convergence rate.

1. Introduction

In this paper, we revisit the problem of learning a linear classifier, which is one of the most
important and fundamental tasks of machine learning (Bishop, [2007). In this problem, we are
given a set S of n training examples, and the goal is to find a linear classifier that correctly
separates S as fast as possible. The most well-known algorithm is Perceptron (Rosenblatt,
1958), which can converge to a perfect (mistake-free) classifier after 2(1/9%) number of
iterations, provided the data is linearly separable with some margin v > 0 (Novikoff, |1962).
Over subsequent decades, many variants of Perceptron have been developed (Aizerman),
1964}, |Littlestone, [1988; [Wendemuth, [1995; [Freund & Schapire] [1999; |Cesa-Bianchi et al.,
2005, to name a few). However, somewhat surprisingly, there has been little progress in
substantially improving the fundamental Perceptron iteration bound presented by [Novikof}
(1962). It is only recently that a number of researchers have discovered accelerated variants
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of the Perceptron with a faster Q(v/logn/v) iteration complexity, although with a slower
per-iteration cost. These works model the problem in different ways, e.g., as a non-smooth
optimization problem or an empirical risk minimization task, and they have established
faster rates using sophisticated optimization tools. [Soheili & Pena (2012) put forward the
smooth Perceptron, framing the objective as a non-smooth strongly-concave maximization
and then applying Nestrov’s excessive gap technique (NEG, |[Nesterovl 2005). Yu et al.
(2014)) proposed the accelerated Perceptron by furnishing a convex-concave objective that
can be solved via the mirror-prox method (Nemirovski, 2004). |Ji et al.| (2021)) put forward a
third interpretation, obtaining the accelerated rate by minimizing the empirical risk under
exponential loss with a momentum-based normalized gradient descent algorithm.
Following this line of research, in this paper, we present a unified analysis framework that
reveals the exact relationship among these methods that share the same order of convergence
rate. Moreover, we show that the proposed framework also leads to improved results for
various problems beyond the standard Perceptron setting. Specifically, we consider a general
zero-sum game that involves two players (Abernethy et al., 2018)): a main player that chooses
the classifier, and an auxiliary player that picks a distribution over data. The two players
compete with each other by performing no-regret online learning algorithms (Hazan, 2016}
Orabonal, 2019), and the goal is to find the equilibrium of some convex-concave function.
We show that, under this dynamic, all of the existing accelerated Perceptrons can find their
equivalent forms. In particular, these algorithms can be described as two players solving
the game via performing optimistic online learning strategies (Rakhlin & Sridharan) 2013),
which is one of the most important classes of algorithms in online learning. Note that
implementing online learning algorithms (even optimistic strategies) to solve zero-sum games
has already been extensively explored (e.g., Rakhlin & Sridharan) 2013; Daskalakis et al.,
2018; \Wang & Abernethy} 2018; Daskalakis & Panageas|, 2019). However, we emphasize that
our main novelty lies in showing that all of the existing accelerated Perceptrons, developed
with advanced algorithms from different areas, can be perfectly described under this unified
framework. It greatly simplifies the analysis of accelerated Perceptrons, as their convergence
rates can now be easily obtained by plugging-in off-the-shelf regret bounds of optimistic
online learning algorithms. Moreover, the unified framework reveals a close connection
between the smooth Perceptron and the accelerated Perceptron of Ji et al. (2021)):

Theorem 1 (informal). Smooth Perceptron and the accelerated Perceptron of |Ji et al.
(2021) can be described as a dynamic where the two players employ the optimistic-follow-
the-regularized-leader (OFTRL) algorithm to play. The main difference is that the smooth
Perceptron outputs the weighted average of the main player’s historical decisions, while the
accelerated Perceptron of |Ji et al| (2021)) outputs the weighted sum.

Beyond providing a deeper understanding of accelerated Perceptrons, our framework
also provides improved new results for several other important areas:

e Implicit bias analysis. The seminal work of Soudry et al. (2018)) shows that, for
linearly separable data, minimizing the empirical risk with the vanilla gradient descent
(GD) gives a classifier which, not only has zero training error (thus can be used for
linear separation), but also mazximizes the margin. This phenomenon characterizes the
implicit bias of GD, as it implicitly prefers the (f2-)maximal margin classifier among



all classifiers with a positive margin, and analysing the implicit bias has become an
important tool for understanding why classical optimization methods generalize well
for supervised machine learning problems. Soudry et al. (2018) show that GD can
maximize the margin in an O(1/logt) rate, and this is later improved to O(1//%)
(Nacson et all [2019) and then O(1/t) (Ji & Telgarsky, 2021)). The state-of-the-art
algorithm is proposed by Ji et al.| (2021), who show that their proposed momentum-
based GD has an O(logt/t?) margin-maximization rate. In this paper, we make two
contributions toward this direction:

1. We show that, under our analysis framework, we can easily improve the margin
maximization rate of the algorithm of |Ji et al| (2021) from O(logt/t?) to O(1/t?),
which is an even faster convergence rate where the extra logt factor disappears;

2. Although previous work has analyzed the implicit bias of GD and momentum-
based GD, it is still unclear how the classical Nesterov’s accelerated gradient
descent (NAG, Nesterov, 1988) will affect the implicit bias. In this paper, through
our framework, we show that NAG with appropriately chosen parameters also
enjoys an O(1/t?) margin-maximization rate. To our knowledge, it is the first
time the implicit bias property of NAG is proved.

e p-norm Perceptron. Traditional work on Perceptrons typically assumes the feature
vectors lie in an fs-ball. A more generalized setting is considered in |Gentile (2000),
who assumes the feature vectors lie inside an ¢p-ball, with p € [2, 00). Their proposed
algorithm requires Q(p/+?) number of iterations to find a zero-error classifier. In this
paper, we develop a new Perceptron algorithm for this problem under our framework
based on optimism strategies, showing that it enjoys an accelerated Q(y/plogn/~)
rate.

2. Related Work

This section briefly reviews the related work on Perceptron algorithms, implicit-bias analysis,
and game theory. The background knowledge on (optimistic) online learning is presented in
the Preliminaries (Section [3)).

Accelerated Perceptrons and p-norm Perceptron The study of Perceptron algorithms
has an extensive history dating back to the mid-twentieth century (Rosenblatt} 1958} Novikoft,
1962)). However, it is only recently that progress on improving the fundamental Q(1/+2)
iteration bound of the vanilla Perceptron in the standard setting has been made. Specifically,
the smooth Perceptron proposed by |Soheili & Penal (2012) achieves an Q(y/logn/v) rate by
maximizing an auxiliary non-smooth strongly-concave function with NEG (Nesterov, [2005).
The same accelerated rate is later obtained by two other work (Yu et al., 2014} |Ji et al., [2021)).
The former considers a bi-linear saddle point problem and employs the mirror-prox method
(Nemirovski, [2004). The latter applies momentum-based GD to minimize the empirical risk
with exponential loss. In this paper, we show that these algorithms can be unitedly analysed
under our framework.

Apart from the above accelerated Perceptrons, there exists another class of algorithms
which enjoy an O(poly(n)log(1/7)) convergence rate (Dunagan & Vempala, 2004; Pena &



Soheili, 2016; Dadush et al., 2020). These methods typically call (accelerated) Perceptrons
as a subroutine, and then apply the re-scaling technique to adjust the decision periodically.
Although the dependence on « becomes better, the polynomial dependence on n of these
methods makes them computationally inefficient for large-scale data sets. In this paper, we
focus on accelerated Perceptrons with O(y/logn/~) rate, and leave explaining the re-scaling
type algorithms as future work.

The p-norm Perceptron problem (Gentile & Littlestone, |1999)) is a natural extension
of the classical Perceptron setting, which assumes the p-norm of the feature vectors are
bounded, where 2 < p < oo. |Gentile (2001) shows that a mirror-descent-style update
guarantees an O(p/vy?) convergence rate. By contrast, our proposed algorithm achieves a

tighter O(y/plogn/v) convergence rate.

Implicit-bias analysis In many real-world applications, directly minimizing the empirical
risk (without any regularization) by first-order methods can provide a model which, not
only enjoys low training error, but also generalizes well (Soudry et al., |2018). This is usually
considered as the implicit bias introduced by the optimization methods (Soudry et al.l 2018).
Explaining this phenomenon is a crucial step towards understanding the generalization
ability of commonly-used optimization methods. For linear separable data, [Soudry et al.
(2018) proves that, when minimizing the empirical risk with exponential loss, the vanilla GD
can maximize the margin in an O(1/logt) rate. This result implies the implicit bias of GD
towards the /3-maximal margin classifier. Later, Nacson et al.|(2019) show that GD with
a function-value-dependant decreasing step-size enjoys an O(1/+/t) margin-maximization
rate. Ji & Telgarsky| (2021) improve this result to O(1/t) by employing a faster-decreasing
step size. |Ji et al.| (2021)) design a momentum-based GD that maximizes the margin with an
O(logt/t?) rate. However, it remained unclear whether this rate could be further improved
and how to analyze the margin maximization ability of other classical optimization methods
such as NAG. In this paper, we provide positive answers to both questions.

Games and no-regret dynamics Our framework is motivated by the line of research
that links optimization methods for convex optimization to equilibrium computation with
no-regret dynamics. The seminal work of |Rakhlin & Sridharan| (2013) recovers the classical
mirror-prox method (Nemirovski, [2004) with Optimistic online mirror descent. |Abernethy
& Wang] (2017) show that the well-known Frank-Wolfe algorithm can be seen as applying
(optimistic) online algorithms to compute the equilibrium of a special zero-sum game called
Fenchel game, which is constructed via the Fenchel duality of the objective function. Later,
researchers demonstrate that other classical optimization methods for smooth optimization,
such as Heavy-ball and NAG, can also be described similarly (Abernethy et al., 2018; |Wang
& Abernethy, |2018; |Wang et al., [2021). We highlight the differences between this work and
the previous ones: 1) Our analysis does not involve the Fenchel game or Fenchel duality;
instead, we directly work on the (regularized) min-max game designed for linear classification.
2) Most of the previous work mainly focus on understanding optimization algorithms for
smooth optimization, and it was unclear how to understand algorithm such as NEG under
the game framework. 3) Although both Abernethy et al. (2018) and our work analyze
NAG, the goals are significantly different: |Abernethy et al.| (2018) focus on the optimization
problem itself, while we consider how minimizing the empirical risk would affect the margin.



4) To our knowledge, the link between the implicit-bias problems and no-regret dynamics is
also new.

3. Preliminaries

Notation. We use lower case bold face letters x,y to denote vectors, lower case letters a, b
to denote scalars, and upper case letters A, B to denote matrices. For a vector x € RY, we
use z; to denote the i-th component of x. For a matrix A € R"*% let A,y be its i-th row,
Ay j) the j-th column, and A(; ;) the i-th element of the j-th column. We use || - || to denote
a general norm, || - ||« its dual norm, and || - ||, the ¢)-norm. For a positive integer n, we
denote the set {1,...,n} as [n], and the n-dimensional simplex as A™. Let E : A" — R be
the negative entropy function, defined as E(p) = Y., p; log p;, Vp € A". For some strongly
convex function R(w) : W — R, define the Bregman divergence between any two points
w,w €W as:
Dr(w,w') = R(w) — R(w') — (w — w/) T VR(w').

Online convex optimization (OCO) Here we review a general weighted OCO framework,
proposed by [Abernethy et al. (2018). In each round ¢t = 1,...,T of this paradigm, a
learner first chooses a decision z; from a convex set Z C R%, then observes a loss function
ft(-) : Z — R as well as a weight a; > 0, and finally updates the decision. The performance
of the learner is measured by the weighted regret, which is defined as Ry = Z;f:l oy fi(zy) —
minge z Zthl oy fi(z).

Perhaps the most natural method for OCO is follow-the-leader (FTL), which simply
picks the empirically best decision at each round: z; = argmin, > Zf;i a; fi(z). However,
FTL is unstable, and one can easily find counter-examples where FTL suffers linear regret
(Shalev-Shwartz, [2011). A classical way to address this limitation is by adding a regularizer
to the objective: z; = argmin, .z 7 Zf;} a;fi(z)+ Dgr(z,zo), where n > 0 is the step size, and
zo is the initial decision. This method is called follow-the-regularized-leader (Hazanl 2016),
and it can achieve a sub-linear regret bound with appropriately chosen 1. Moreover, tighter
bounds are also possible in favored cases with more advanced techniques. In this paper,
we consider FTRL equipped with optimistic strategies (i.e., Optimistic FTRL, Rakhlin &
Sridharan, 2013; (Orabonal, 2019), given by

t—1
OFTRLIR, zo, Y1, 7, Z] : 2, = argminng Z%’fi(z) + autp(2) | + Dr(2,20),
z€Z i—1

where an additional function ), is added, which is an approximation of the next loss f;. A
tighter regret bound can be achieved when v is close enough to f;. Next, we introduce two
special cases of OFTRL:

t—1
OFTL[¢Yy, Z] : 2, = argnzlinZajfj(z) + ai(z)
zc j=1

t
FTRLY[R, 20,7, Z] : z; = argmin - Zajfj(z) + Dr(z,zp).
zc ;
7j=1



Protocol 1 No-regret dynamics with weighted OCO

1: Input: {oy}- |, wo, po-

2: Input: OLY, OLP. // The online algorithms for choosing w and p.
3: fort=1,...,7T do

4:  wy + OLY;

5. OLP « a4, li(-); // Define ¢;(-) = g(wy, -)

6 p: + OLP;

7. OLY <= oy, he(+); // Define hi(-) = —g(-, pt)

8: end for

9: Output: wp = ﬁ Zthl oWy,

t=1

The first one is Optimistic FTL, where the regularizer is set to be zero. The second algorithm
is FTRL™, which uses f; as the optimistic function ;. Finally, we note that, apart from
FTL-type algorithms, there also exists optimistic methods that are developed based on
mirror descent, such as optimistic online mirror decent (OMD, Rakhlin & Sridharan, 2013).
The details of OMD and the regret bounds of these OCO algorithms are postponed to the

Appendix [A]

No-regret dynamics for zero-sum game Finally, we introduce the framework for
using no-regret online algorithms to solve a zero-sum game. Consider the following general
two-player game:

max glelrglg(w, P, (1)

where g(w, p) is a concave-convex function, and VW and Q are convex sets. The no-regret
framework for solving is presented in Protocol 1, In each round ¢ of this procedure, the
w-player first picks a decision w; € W. Then, the p-player observes its loss 4;(-) = g(wy, )
as well as a weight ay. After that, the p-player picks the decision p¢, and passes it to the
w-player. As a consequence, the w-player observes its loss hi(-) = —g(-, pt) and weight oy.
Note that both ¢; and h; are convex. Denote the weighted regret bounds of the two players
as R% and RP, respectively. Then, we have the following classical conclusion. The proof is
shown in Appendix

Theorem 2. Define m(w) = minpeg g(w, p), and W the weighted average of {w}1_,. Then
we have that Yw € W, m(w) — m(wr) < (Zle ar) " (RP + RY).

4. Understanding Existing Accelerated Perceptrons

In this section, we first introduce our main topic, i.e., the binary linear classification problem,
and then present the three accelerated Perceptrons and their equivalent forms under Protocol
For clarity, we use v; to denote the classifier updates in the original algorithms, and w;
the corresponding updates in the equivalent forms under Protocol



Algorithm 1 Smooth Perceptron (Soheili & Penay, 2012])

Initialization : 6y = %, o =4, vg = %
Initialization : qo = qy,(vo), where q,(v) = argmingean q'Av + uDg (q, %)
fort=1,...,7—1do
vi=(1=0;—1)(vie1 + 01 Aqs—1) + 07 1 Aqp,_, (Vi-1)
pe = (1 —6i—1)pe—1
Q= (1 —6—1)qi—1 + 0i—19,,(ve)
end for
Output: vy,

t—1
OLY = OFTL [ht,l(-),Rd} S wy = argminz ajhj(w) 4+ athi—1(w)
weRd T
7=1
11 1o 1
LP = FTRL" |E(-), =, -, A" = in — sls D -
0 R [ ()~ ]@pt alr)%gg%;aﬁ(pH E<p,n>

Output: wr

4.1 Binary Linear classification and Perceptron

We focus on the binary linear classification problem, which dates back to the pioneering
work of [Rosenblatt] (1958). Let S = {x(,y(}" | be a linear-separable set of n training
examples, where x(9) € R? is the feature vector of the i-th example, and y(®) € {—1,1} is the
corresponding label. The goal is to efficiently find a linear classifier w € R¢ that correctly
separates all data points. More formally, let A = [y(l)x(l), ces ,y(")x(")]T be the matrix that
contains all of the data. Then we would like to find a w € R¢ such that

min A(z GW > 0. (2)
i€[n] ’

This goal can be reformulated as a min-max optimization problem:

max min A¢; .yW = max min p' Aw, (3)
wER4 i€[n] ’ weRd peAn

where, at the RHS of (3)), min;cp,) A(,.)w is rewritten as minpean p' Aw. The two expressions
are equivalent since the optimal distribution p € A™ will always put all weight on one
training example (i.e., one row) in A. For any w € R%, let v(w) = minpean p' Aw be the
margin of w, and we introduce the following standard assumption.

Assumption 1. We assume that feature vectors are bounded, i.e., |x®||o < 1 for alli € [n],
and that there exists a w* € R®, such that lw*|le =1 and y(w*) =~ > 0.

4.2 Smooth Perceptron



In order to solve , the vanilla Perceptron repeatedly moves the direction of the classifier
to that of examples on which it performs badly. However, this greedy policy only yields a
sub-optimal convergence rate. To address this problem, Soheili & Penal (2012]) propose the
Smooth Perceptron, and the pseudo-code is summarized in the first box in Algorithm [I] The
key idea is to find a classifier v € R? that maximizes the following fo-regularized function:

1
v(v) = =5 vz + min q' Av, (4)

which is non-smooth strongly-concave with respect to v. Under Assumption [I] [Soheili &
Penal (2012) show that the maximum value of ¥ (v) is max,cga ¥ (v) = 7?/2, and a classifier
v € R? satisfies when 9(v) > 0. In order to solve , Soheili & Penal (2012) apply the
classical Nesterov’s excessive gap technique (Nesterov, 2005) for strongly concave functions.
This algorithm introduces a smoothed approximation of , which is parameterized by some
constant p > 0, and defined as

Yu(v) = =5 vI3 + mingear [a"Av + puDp (q,7)] | (5)

which bounds the function in from below, i.e., Vv € R%, i > 0, Yu(v) < P(v) + plogn.
Then, the algorithm performs a sophisticated update rule such that the excessive gap
condition holds V¢ > 1: 42/2 < ||Av¢||?/2 < 4, (vi). We refer to |Soheili & Penal (2012) for
more details.

Soheili & Penal (2012)) show that the smooth Perceptron can output a positive-margin
classifier after Q(v/logn/v) iterations. However, the analysis is quite involved, which heavily
relies on the complicated relationship between 9 (v¢), ¥, (v¢) and ||Av¢||>. In the following,
we provide a no-regret explanation of this algorithm and then show that the convergence rate
can be easily obtained under our framework. Specifically, we define the objective function in
Protocol ] as

g(w,p) =p' Aw — —||w]3, (6)

and provide the equivalent expression in the second box of Algorithm [I} More specifically,
we have the following proposition. The proof is given in Appendix

Proposition 1. Let oy = t. Then the two interpretations of the smooth Perceptron in

T
Algorithm are the same, in the sense that vr_; = W, and qr—1 = %-
t=1 Xt

Proposition (1| shows that, under Protocol (1 the smooth Perceptron can be seen as
optimizing @ by implementing two online learning algorithms: in each round ¢, the w-
player applies OFTL with ¢ = hy_1, a decision which the p-player subsequently observes
and responds with FTRL™. Moreover, we obtain theoretical guarantees for the smooth
Perceptron based on Theorem [2| matching the convergence rate provided by |Soheili & Pena
(2012).

Theorem 3. Let oy = t. Under Protocol[], the regret of the two players of Algorithm[1] is
bounded by R <23, |pt — pi_1|} and RP < 4logn — 23, |p: — pi_1ll3. Moreover,
vlogn

Wr has non-negative margin when T = Q(¥57).

8



Algorithm 2 Accelerated Perceptron of |Ji et al.| (2021)

Input: qo = ;,,vo = 0,80 = 0,01 = 5557y, Bt = 7
fort=1,...,7T do
vi=vi1—01(g-1 — ATq-1)
fori=1,...,ndo
__exp(=yWvx®)
Ui = T exp(—y vy x0)

end for
g = Bi(gi-1— ATar)
end for
Output: v
t—1
OLY = OFTL [ht,l(-),Rd} S wp = argm(iinz ajhj(w) 4+ aghy—1(w)
weR j=1

t
11 1 1
p + )2 2 OAP - in = -
OLP = FTRL [E(),n,4,A ] S py argm1n4sE:1as€S(p)+DE <p,n>

pEAn

Output: wr

4.3 Accelerated Perceptron via ERM

Since binary linear classification is a (and perhaps the most fundamental) supervised
machine learning problem, it can be naturally solved via empirical risk minimization (ERM).
This idea is adopted by [Ji et al.| (2021), who consider the following ERM problem:

veRd

1 & , ,
min R(v) = - Zﬁ(—y(l)vTx(l)), (7)
i=1

where {(z) = exp(z) is the exponential loss. To minimize (7)), [Ji et al| (2021)) propose the
following normalized momentum-based gradient descent (NMGD) algorithm

gt = bt (gt - VRIE‘(,S))
Vi1 = v — b (gt + VR}(B

(Vt)) (8)
Vi) ’
where VR(v¢)/R(v;) is the normalized gradient, and g; can be seen as momentum. |Ji
et al.| (2021) show that NMGD can converge to a classifier with a positive margin after
O(1/~?) iterations. Based on the property of the normalized gradient VR(v;)/R(v;), they
also provide primal-dual form of the algorithm (presented in the first-box of Algorithm [2)),
which can be considered as applying Nesterov’s accelerated gradient descent in the dual
space (Ji et al., [2021)) .

For the accelerated Perceptron of [Ji et al| (2021), we set g(w,p) = p' Aw — 3||w]||3
and provide its equivalent form at the second box in Algorithm [2} Specifically, we have the
following proposition.



Proposition 2. Let oy =t. Then the two interpretations of the accelerated Perceptron in
Algom'thm@ are the same, in the sense that qr = pr and vy = % Zthl Wy = i (Zthl at> .
wr.

Remark Note that in Ji et al.|(2021), the parameter 6;_; is set to be 1. We observe that
this causes a mismatch between the weights and w}s in the output (when 6;,_; = 1, vp
will become Zthl a1 wy instead of EZ;I a;wy). Our no-regret analysis suggests that 6;_1
should be configured as ﬁ, and later we will show that this procedure helps eliminate
the logt factor in the convergence rate.

The proposition above reveals that the smooth Perceptron and the accelerated Perceptron
of |Ji et al.| (2021)) are closely related. The main difference is that the accelerated Perceptron
of |Ji et al. (2021) outputs the weighted sum of all w;’s, instead of the weighted average.
The rationale behind this phenomenon is that, instead of the margin, [Ji et al. (2021]) use

the normalized margin to measure the performance of the algorithm, defined as

minpean plAv

vl

F(v) =

They not only prove J(vr) > 0 (which directly implies «y(vy) > 0), but also show F(vy) =
Q(y — 1;)%“3) This guarantee is more powerful than the previous results, as it implies that
the normalized margin can be mazimized in an O(logt/t?) rate. When ¢ approaches oo, the
direction of vy will converge to that of the maximal margin classifier. We show that a better
margin-maximization rate can be directly obtained under our framework with the parameter

setting in Algorithm 2]

Theorem 4. Let oy = t. Under Protocol[l], the regret of the two players of Algorithm[ is

bounded by RV < QZthl Pt — pi—1|? and RP < 4logn — 2 Zthl lpt — pe—1l|3. Moreover,
8logn )

wr has a non-negative margin when T = Q(y/logn/v) and F(vy) = Q(y — LT

4.4 Accelerated Perceptron of Yu et al. (2014)

Finally, [Yu et al.| (2014) considers applying the mirror-prox algorithm to solve the max-min
optimization problem:
T

max min p Aw, 9

o<1 pean P ®)
As discovered by Rakhlin & Sridharan! (2013), mirror-prox can be recovered by their optimistic
online mirror descent (OMD) with an appropriately chosen optimistic term. Here, we show
that, by simply manipulating the notation, the algorithm of Yu et al. (2014)) can be recovered
as two-players applying OMD to solve @ The algorithmic details and their analysis are
postponed to Appendix which we summarize as follows (formalized in Theorems [8 and

9):

Theorem 5 (informal). Let g(w,p) = p' Aw. The Perceptron of|Yu et al| (2014) can be
described under Protocol[1], where both players apply OMD endowed with the appropriate
parameters. Moreover, under Assumption [1l, Wpr has a non-negative margin when T =

Y

10



Algorithm 3 NAG

Input: vo =0,s9 = 0.
fort=1,...,7 do
w =S4+ Q(til_l)vt—l
Vi =Vi1 — ntVR(ut)
St = St—1 + ﬁvt
end for
Output: st

OLP = OFTRL | E("),

I

t—1
1 1
- L 1(),A"] & py = all;%rglin 1 Lz_:l asls(p) + atﬁtl(p)]

1
n

t
OL™ = FTRL*(0,0,1, R & w; = argmin » _ a;h;(w)

wcRd

B~ =

=1

Output: wr = WT.

Zszl At —
4

5. Beyond Perceptrons

In Section we improved the convergence rate of the algorithm in Ji et al.| (2021) by
an O(logt) factor. This section shows that our framework benefits a wide range of other
problems.

5.1 Margin Maximization by Nesterov’s Accelerated Gradient Descent

One major task for the implicit bias study is to explain why commonly-used first-order
optimization methods generalize well. For linearly separable data, previous work proves that
GD and momentum-based GD prefers the fo-maximal margin classifier by showing that they
can maximize the margin. In this part, we show that the well-known Nesterov’s accelerated
gradient descent (NAG), with appropriately chosen parameters, can maximize the margin
in an O(1/+2) rate. Specifically, following previous work, we consider the ERM problem
in and apply Nesterov’s accelerated gradient descent (NAG) to minimize the objective
function. The details of the algorithm are summarized in the first box of Algorithm [3] and
its equivalent form under Protocol [1}is presented in the second box of Algorithm [3| For the
NAG algorithm, we set the objective function as g(w,p) = p' Aw — 3||w||3, and have the
following conclusion.

Theorem 6. Let n, = % and oy = t. Then, the two expressions in Algorithm@ are
min p' Asp
pEAT > ~ _ 8logn+2
sl =T Ty

equivalent, in the sense that s = wr. Moreover,
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Algorithm 4 Accelerated algorithm for the p-norm perceptron

OLY = OFTRL { [ - ||§,0,n“’,ht_1(-),]Rd} &

1
2(q—1)
t—1

w; = argminn™ Zajhj(w) + athi—1(w) + D L (w,0)

weRd e 2(q

t
1 1

OLP = FTRLT[E, =, 7", A"] < p; = argmin nP E asls(p) + Dg <p, )
n n

pEAT s=1

Output: wp = % 23:1 W.

Remark Theorem @ indicates that NAG can also maximize the margin in an O(1/7?)
rate. Note that, in Algorithm[3, the p-player plays first and the w-player second, while, in
Algorithm [3, it is the other way around. This difference makes sense as Algorithm [3] can
be considered as applying Nesterov’s acceleration in the dual space (Ji et al., 2021)), while
Algorithm [3] uses Nesterov’s acceleration in the primal space.

5.2 Accelerated p-norm Perceptron

In this section, we focus on the p-norm Perceptron problem, introduced by |Gentile| (2000)).
Compared to the classical perceptron problem, p-norm Perceptron introduces the following
assumption, which is more general than Assumption

Assumption 2. For the p-norm Perceptron problem, we assume: Yi € [n], ||X(i)Hp <1,
where p € [2,00). Moreover, assume there exists a w* € R, such that |w*||, < 1 and
pneﬁAI}l p' Aw* > . Here, || - ||, is the dual norm of || - ||,; i.e., %—l— % =1andqe€(1,2].
Under Assumption [2| |Gentile (2000)) proposes a mirror-descent style algorithm that
achieves an Q((1 — p)/+?) convergence rate. In the following, we provide a new algorithm
with a better rate. Specifically, under Protocol [I, we define the objective function as
g(w,p) = p' Aw, and introduce Algorithm {4, wherein the w-player uses OFTRL with
regularizer ﬁ” -||2, which is 1-strongly convex w.r.t. the g-norm (Orabonaj 2019). On

the other hand, the g-player employs the FTRL™ algorithm. We have the following result.

Theorem 7. Let oy = 1, n? = 1/9%V, and n™ = ,/m- Then the output Wr of
Algorz'thm has a non-negative margin when T = (\/Q(p —1)log n/'y)

6. Conclusion

In this paper, we provide a unified analysis for the existing accelerated Perceptrons, and
obtain improved results for a series of problems. In the future, we will explore how to extend
our framework to other closely related areas, such as semi-definite programming (Garber &
Hazan| 2011) and generalized margin maximization (Sun et al., 2022]).

12
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Protocol 2 A set of useful algorithms for the weighted OCO
fort=1,...,T do

t—1
OFTRL[R, zg,n, Y, Z] : 2z, = argminn Zaﬂf] + oYy (z) | + Dg(z,20)
z€EZ
OMD[R7/Z\07 m, wta Z] L Zy = a'rgrglnn <Oétv1/1t(Zt_1), Z> + DR(Z7/Z\t—1)
VAS
Z = argrginn (V fi(zt),2) + Dr(2,%-1)
VAS

OFTL[Yy, Z] : 2z, = argmmz a;fj(z) + o)y (2)
z€EZ
J=1

FTRLT[R, 20,7, Z] : 2: = argmlnn ZanJ + Dr(z,20)
Jj=1

end for

Appendix A. Regret bounds on OCO algorithms

Lemma 1 (Lemma 13 of Wang et al| (2021)). Let z = argmin, z 3.~ o fs(z,). Assume
ft and Yy are A-strongly convex w.r.t. some norm ||-||. Then, for the OF TL[1y, Z] algorithm,
the regret is bounded by

T T
Vz € Z, Zatft(zt) - Zatft Zat ft Zt — [t Zt+1)) - at(¢t(zt) - 7/’t(it+1))
t=1 t=1

1 -
D) Z)\Oét”zt — Zt+1H2'
t=1
(10)

Lemma 2 (Lemma 13 of Wang et al. (2021)). For FTRL"[R,zo,n, Z] algorithm, suppose
R is B-strongly convex w.r.t some norm || - || and each fi(-) is A-strongly convex w.r.t. the
same norm, where A may be 0. Then

T T T
Vz e Z, Zatft(zt) - Zatft(z) < Blz) - Rlao) _ Z (AZZ L% 9 ) |1z — 21|
t=1 t=1 77 t=1 77
(11)

Lemma 3 (Theorem 7.35 of |Orabonal (2019))). For the OFTRL[R, zy,n, Y, Z| algorithm,
assume R is 1-strongly convex w.r.t. some norm || -||. Then the regret is bounded by

3 - z) — filz L eV fi(ze) — 0 V(2 2
Vz e Z, Zatft(zt) - ZOétft(Z) < R()nR(O) +Z [H Vi )2/77 Vb (z4) || ]
=1 t=1 =1

(12)
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Lemma 4 (Lemma 1 of Rakhlin & Sridharan| (2013))). For the OMDI|R,zg, 1, ¢, Z] algorithm,

suppose R is 1-strongly convex w.r.t. some norm || -||. Then the regret is bounded by
4 Dr(2z,20)
0
Vz e Z, Zatft(zt Z at fe(z n + Z [V fi(ze) — eV (Ze—1) ||« ]|ze — 2|
t=1 t=1

T
1 N ~
~ 2 E (llze — Ze||* + l|ze — Ze—1]?) -

t=1
(13)
Appendix B. Proof of Theorem

The proof is motivated by |Abernethy et al.| (2018). Let R" and R® denote the average
regret of the players. On one hand, we have

1
arg(We, pt) —ahy(wy)
Zt Z Zt:l Qg Z

1% =1
= — min E achy(w
WGWZt 1%
T

1 , —w
= max ———— arg(w',pt) — R
wew Zt 1% =1
1 T
atQ(W pt) R"

B Zt 1% =1
>g(w,pr) — R

> min g(w, -R".
> pegg( P)

_SW

where w € W is an arbitrary point. On the other hand, we have

T

1
=7 atg(Wt, Pt) Z atlt(pt)
D=1 12 Et 19 ¢
= min ——— aly(p) + r?
peQ Zt 10§ Z
1 T
= min —— > ayg(w;,p)+ R°

peQZt 1% 1=

min g(Wr,p) + R".
pegg( 7,P)

IN

Appendix C. Proof of Section

In this section, we provide the detailed proofs of Section
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C.1 Proof of Proposition
Recall the update rule of w and p in Algorithm

W = argminZa]h( ) + athi—1(w)

t—1 Zt
= argmmz —Q;p; TAw — Py 1AW+TSHWH%
weRd j=1
t—1
= argmmz —a;p; JAW — ayp/ | Aw +
weRd j=1

t(t+1)

w2,

and

1 1
p: = argmin — Zas s(p) +Dg < > = argmlnzaspTAWs + 4Dg <Pa > ;o (14)

pEA™ pPEA™ =1

Note that here we drop the ||w,|?/2 of ¢ in (14), as it is constant with respect to p. We
start from the initialization: first, from the fact that pg = %, we obtain
A1

W1 = w; = argmin ho(w) = argmin —pg Aw + f||wH2 =
weRd weRd

= Vp.
Additionally,

1
p1 = argmin/y(p) +4Dg <p, >
pEAn n

1
= argmin p' Aw, + 4Dy, <p, )
pEAn n

_ 1
= argminp ' Avg +4Dpg <p, > = qyu,(vo) = qo-
pEA" n

Next, we focus on v; and its connection to w;. We have

vi =(1 = 0i_1)(vie1 + 01 AT 1) + 07 AT qy,  (vie1)

(15)
=1 = 0p—1)vi1 + 01 AT (1= ) -1 + 010, (Vie1)) -

Define ro = v, and r; = (1 — 6;_1)ATqs_1 + 9t,1ATth_1(Vt,1) for t > 1. We will show
that .
25:0 Q54175

Zizo Qs

for all ¢ > 0 by induction. First, by definition, we have vog =rg =

Vi =

al rO . Next, assume

t—1
ZS:O Q41T
t—1 .
25:0 Agt1

18

Vi1 =



Then
vi=(1—=0i_1)vi_1 + 011y

ThgeV et Tt
t—
t 1 2
sty + gy (D
t+2zs Oasﬂg Tt 42)(t+ 1) (16)
t 9 2

= t+2(t+1)t;)as+lrs+ (t+2)(t+1)at+1rt

t t
2 3 D o= Xs+1T
=0 Ys+1ts
Oés_;_lrszsi.

Y +2) & S Oer

Following a similar procedure, we obtain

ZZ:O as+1qﬂs (VS)

qt = t
Zs:(] a5+1

Thus, for t > 1, we have

ry = (1 — 975 l)Ath 1 +'9t 1ATth 1(vt 1)

t 2 9
t + t+2 t(t <Z Oés+1qus Vs > + m(lg + 1)ATqﬂt71(Vt71)
t—1
:(t—|—1)2(t+2)AT <Z Qs1p, (Vs) + @419, (Vt1)> (17)
s=0

]
t—1
t+1)(t+2
= argmin — (Zasﬂqus(vs)wmqm i u) Ary DD g
reR s=0

Finally, note that

i 1 t 2 1
a EH—Q 1+2 t+2 @+ DE+2) Y as

SO

¢
4 1
q,, (ve) = argmin q A (ZS:O aSHrS) + Zt Dg <q7 >

t
cA™ Z e +1 _nx —+1 n
q 0*s 0+'s (18)
1
= argminq' A ZasHI'S +4Dp (Qa )
EA" s=0

To summarize, for ¢ = 1, we have rop = vo = wy, and q,,(vo) = p1. For t > 2, we know that

c (RS .
vt = argmax — | 3 o1, (V) + ond (Vi) | At =3 (19)
reR s=0
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and

t—1
. 1
qutfl(vt_l) = argmin qTA <Z ()[S+1rs> + 4DE (q, n) .

qeAn s=0

The proof is finished by replacing q,, ,(vi—1) as p¢, r+—1 as w¢, and noticing that

Vr—1 = E E Qs 1Ts = § AsWs =

50a5+150 slassl
and
1 T
qr-1 = Z Oés—&-lq,ug Vs =7 Zasps
Z 0 Qs+1 5— D os=1 Qs 5
C.2 Proof of Theorem [3
Let W; = argmingcpa >0 ! aghg(w). Note that hy(-) is 1-strongly convex w.r.t || - [|2. Thus,

for the w-player, based on Lemma [1| we have

T

Z athy(wi) — aghy(w) <

t=1

M=

ot (he(wi) — he(Wit1)) — ai (he—1 (W) — he—1(Wet1))

o~
Il
—

1
M=

1 ~ 1, .
o (~pF Awi-+ gl + B AFs1 — 3 [l )
t

Il
—_

(20)
T 1 2 T 4= 1.~ 2
—ap | =P Awg + §||Wt||2 + P 1AW — §||Wt+1H2

Qg (Pt - ptfl)T A(V~Vt+1 - Wt)«

I
[M]=

&~
Il
—_

Next, according to the definition of w; and w1, we have
1 t—1
+
wi=—=——A" | ) aps+ oztpt_1> ;
Zs:l Qs (sl

and

t—1
~ 1
Wi+l = TAT <Z asPps + atPt) .

s=1 Qs s=1

20



Combining the two equations above with , we have that for any w € R¢,

T

T 2
«
g ashy(wy) — aghy(w) < E i : ||AT(Pt - Pt—l)H%
t=1 t=1 Zs:l Qs

T 2
_Z A
- t

t=1 Zs:l as 2

T Oé2 n ‘ 2
< Z Zit (Z Ipe — pt—l\iHX(Z)!b) (21)

7
1 2us=1% \;=1

n 2
Z y(i) [Pt — pt—l]ix(i)

=1

-
I

Oy _ot 2
= —¢ 1Pt — Pi-1ll1
t=1 Zs:l Qs
T T
22 (4)
=> T Ip: = peall < 2) lIpe — peall,

t=1

i
I

where inequality (2) is based on the triangle inequality, inequality (3) is derived from As-
sumption and inequality (4) is because t% <1.

On the other hand, for the p-player, note that the the regularizer is 1-strongly convex
w.r.t. the || - ||l;. Thus, according to Lemma [2] (with A = 0, 3 = 1), we have

T T T
> ali(p) = Y ouli(p) < dlogn — 2> |Ips — pralli- (22)
t=1 t=1

t=1

for any p € A". Finally, we focus on the iteration complexity. First, define w* = yw*,
where w* is the maximum margin classifier defined in Assumption [Il Then we have

r_
2 2

m(®) = min {pT AW} — L[[F7|3 =2 -
PEA 2

Thus, combining , , and Theorem [2| we have

8logn < 8logn

m(w*) —m(wr) < R°+ R < TS T (23)
and thus
. T 41— —
Awr >
pnelg%p wr > m(Wr)
. 8logn

_ 'yj - 8logn

2 T2

where the first inequality follows because —%||Wr||3 < 0. Hence, it can be seen that Wy will

have a non-negative margin when 7' > L?g".
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C.3 Proof of Proposition

We start from the original expression in |Ji et al.| (2021). For g;, we have

gt = ft <(—ATQt) + gt_1>

t t—1 t—1
=— (=47 o —(—A)Tq
t+1<( ) a+ ; gt—2 + v ( )%1)
_ (25)
= 1 (Z sqs> .
Thus, we also have
1 t—1
= 1) ().
s=1
Next, we focus on v;. Note that v; =v; 1 —6;_1(g;—1 — ATqs_1), where
1 = 2(t + 1)
T __ AT _
- (gt—1 —A CIt—1> =54 (qus +tqt—1> 7% P (Z 5qs + tq;— 1)
s=1 (26)
t+1
= —01r
2 ts
where we define
9 t—1 1 t—1
T T
ry = A sqs ttq1 | = ———A 5qs + 1q—1
i (G =t ()
t—1 T ¢
o
= argmin — (qus+tqt 1) Ar + s 1 L=l 8 |p)|2 (27)
reRd s=1

1 1
— argmin Y, (~aT e+ 21n12) oo (ol e+ )

rcRd s=1
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As for the q; variables, observe that
_exp(—yWvx®)
I S exp(—y vy <)
_ exp(_y( )Vt 1x(])) eXp( (t+1) (gt—l _ Ath_l)Ty(’L)X(l))

Z] Lexp(—yWv,  x0 ))exp(z(t+1)(gt_1 — ATqy1) TyWx())

exp(— ()Vt— x(7) Ny
2he 1pe(szé y<k>x1rT >z<k>) eXp(Z(tz-l) (g1—1 — ATqe—1) TyDx) -
- 28

exp(—y@Dv/]  x() ] ]
2=t k=1 exp(— y"“)‘if_lx( ) eXp(?(tﬁrl)(gt—1 — ATqi) TyDx0)

B Gt—1,i eXp(ﬁ(gt 1— Ath_l)Ty(i)x(i))
Z] 1 qt— 1,9 eXp( (t—i—l) (gt—l — Ath_l)Ty(J)X(]))

. e X eXP(—II’t yx) ~ qoiexp(— 22:1 %I’T?/(i)x(i))
S g exp(— S YO0 S e exp(— o, el yix0)

Based on the relationship between the multiplicative weights algorithm and FTRL with the
entropy regularizer, we have

) o
q: = argmin g —2q" Ars + Dg(a,qo) (29)
qEAn o—1 4

Next, note that r{ = ATqg = A1 _ w1, from the proof of Proposition . Combining this
with the fact that qg = % = Py, we can recursively conclude that r; = w; and q; = p;.
Finally, since v = 0, we have that

T+1 T T+1
vr =vr_1+0r_ 5 rT:VT—l‘Fm 5 TT=Vr- 1+ aTrT Zatrt

C.4 Proof of Theorem [

For the first two parts of Theorem [4 note that the expressions in Algorithms [I] and and

are exactly the same. In the following, we focus on the normalized margin analysis. First,

recall that the normalized margin is defined as:

min p' Aw

PEA™ p
[[wll2

Y(w) =

Y

and for the the maximal margin classifier w* we have 7(w*) = . Next, we compute ¥(vr)
under our framework. Note that

4VT . 8VT
Simer TTH1)

W =

Moreover, from the proof of Theorem we know that m(w) — m(wrp) < ﬁ(:ﬁiq) for any

w € R%. Thus, we have
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8v 1 8v 1
. T T T . T A— — 2
A - = = Awp — =
pean® AT 1) T 2 HT(T+ ||, ~ pean® VT Il
= m(wr)
S 8 Ivrllaw® 8logn
m| =————|vr|ew" ) — =———
=\ T(T +1)
— LHV oy — LHV 2 - _8logn
T+ )R T o )2V T 1)
Rearranging and multiplying both sides by :g‘(‘f;r'i;, we obtain
T
mlgnp Avp log n
N e -La
vl [vrll2
The proof is finished by the following lower bound on ||vr||s.
Lemma 5. We have (T + 1)
_|_
Ivrlls > ———.
T x
Proof. Note that [|[w*| =1, so % < 1. Then, based on our derivation of w; in the proof
of Theorem [3| we can conclude that
1 I
ool 2 viw' = 3> amlw
1 I 1 t—1 T
it (S atpt) Aw'
13 [Zs—l %s (s:l (30)
> 5o g pT
— Y a4 min w
< 2 tpEA" p
_T(T+1)y
B 8
O

C.5 Details of Section

The Perceptron proposed by [Yu et al.| (2014)), named mirror-prox algorithm for feasibility
Problems (MPFP) procedure (Yu et all 2014), is summarized in Algorithm [5| Yu et al.
(2014) consider a general objective g : W x P — R, for spaces P C R" and W C R?, and
defines F(w,p) = [~Vwg(W,p); Vpg(w, p)] € R¥" where [x;y] denotes the concatenation
of vectors x and y. Associated to P (and analogously for W), Yu et al.| (2014) make use of
the following quantities:

e A constant ap > 0 and function R : P — R that is 1-strongly convex w.r.t. some
norm || - ||p on P;
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Algorithm 5 MPFP of [Yu et al.| (2014)

Input: {v},,vi=r*
fort=1,...,7 do
u; = Proxy, (% F(vy))

Vil = PYOX\IZ (7 F(ay))
t
Zy = ﬁ 2521 VsUs
end for

Output: zr

di(w) = — P Aw
¢t(P) = pTAVAVt—l

1
,wt,Bd} & wy = argmin

weBy; V log n

1
OLY = OMD { |13, 0 (Vipr(wi—1), w)

1
2 "VIogn
Dy (W W)

<Vht (Wt), W>

w; = argmin

1
weBy; V logn
Dy (W W)
1
OLP? = OMD |:E7 57 V 10gn7 (bta An:| < Pt = a'rgmin V logn <v¢t(pt—1)7 p>
pEAn
+ De(p, Pt-1)

p: = argrilin Vdiogn (VL(pi-1),p)
peAnr

+ De(p, Pi-1)

*

e Minimizer ry, = argming,cp Rp(P).

e Bregman divergence Dp(p,q) = Dr, (P, q);
e Diameter Qp = maxpep Dp(p, 1)
From these, we can define the function R : R — R and its minimizer
* *

R(w,p) = awRw(W) + apRp(p) and r* = argmin R(x) = [ry;rp)
xeRd+n

Lastly, the algorithm relies on the following Prox map: for function f : Z — R and point

v € Z on a general space Z C R, define the mapping Proxf, : Z = Z by

Prox{ (z) = argmin {uTz + Dy (u, V)}
ucz

In this work, we consider MPFP under the bilinear objective g(w,p) = p' Aw, where
the rows of A are assumed to be normalized w.r.t. || - |2. We further give the following

specifications:
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Spaces P = A, and W = By = {w € R?: ||w]|o < 1}.

Norms || [lp = || - [[x and || - [ = || - [[2-

Regularizers Rp = E, where E denotes the entropy regularizer (i.e., negative Shannon
entropy), and Ry = %H 3.

Vo

_ 1 _
e Contants ap = o) and oy WY
e Constant weights v; = ﬁ for each t € [T].

P W

Endowed with these parameters, the procedure becomes the MPLFP algorithm of [Yu et al.
(2014), and we can conclude the following connection.

Theorem 8. Let ap = 1. Then the MPLFP algorithm is equivalent to the game dy-
namics given by Algom'thm [3, in the sense that wy = [Wypi), Ver1 = (Wi Dy, and
Zy = [%Z =1 Wsi ¥ ZS 1ps]

Proof. We begin by noting that

1

1
= max Dy (w,rj,) = max flwlf = 5

. 1
fIp = max Dp(p,ry,) = max KL (plln) = logn

where KL denotes the Kullback—Leibler divergence, so that we can derive parameters

~ ! and « 1 and « logn
= Ta— 1 P~ WS T a—— 1
Vlogn + 7 logn ( log n + %) Vvlogn + 7

Next, note that F\(w,p) = [—pTA; Aw]. For convenience, we will write the MPFP iterates
as

w =[xy and  vipr = [Xe; Yy

Section 10 of [Yu et al.| (2014) shows that

R W X . RP y
Proxig.g(x,y) = [Plroxﬁ <Oéw> ; Proxg (%>}

Using the iterate definitions, we can then obtain

[Xt;}’t] = U
= Prox (Ve F (ve))
=Prox{f g . (— T 1A AR )

—vy, A AX
= [Proxﬁ“’ <%yt1 ) ;Proxljp <% Xt_l)]
t—1 Oty Yi—1 ap

1
_ Ry e
= [Proxit_1 (_lognytlA) ProxA <\/lognz4xt 1)]
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and

(Xe:¥e] = Vi
= Prox? (Ve F(ayg))
= Proxfit T 1]( vy A, v Ax;)

—y; A A
_ [pmwa (%yt) Prox’™® <%Xt>]
Xt—1 Ot Yi—1 ap
1
[Proxiw ) (— To ny;r A> PI‘OXA (\/ log nAxt)}

Using the definition of the Prox function then yields

1 ~
X; = argmin {—y;r_lAw + Dy (W, xt_l)}

weBy \Y% log

X; = argmin { AW + Dy (w, Qt_l)}
weBy

Vi = arglzlin{\/lognp AX¢1+ Dp(p,yi— 1)}
peAn

y: = argmin {\/ lognp " Ax; + Dp(p, ¥i— 1)}

pPEA™

From the fact that
S .S * * 1 o~
[X0;¥o| = v1 = [ry;1p] = |0; -1 = [Wo; Po]
and plugging in the appropriate parameters into the OMD updates, we can recursively

conclude that [W¢; pt] = [X¢;¥e] = ver1 and [wy; pi] = [xe;y:] = wg for each ¢t € [T]. As a
result, we also have that

Z Z VsUs

81755 1

= [Z Z VeXs} = Z Z %ys]

s= 1’758 1 s=1 Ss 1
t t
1 1
iy
s=1 s=1
O

Proposition 3. Let ay = 1. Then the total regret of both players under the dynamics of
Algorithm [J] is bounded by

RP + R = O(y/logn)

Before we prove this result, we need to state a technical tool that we will make use of.
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Lemma 6. For any p € R and w € RY, we have that

IpT Al < [lplly  and  [[Awlle < [[wll2

Proof. For the first inequality, let p = HIE)Hl' Then,

n

ZﬁzA(z,)

Ip"Allz = [IpllL B All2 = Pl

n
< Ipll Y 1Bl Ay ll2 = lIplh
2 i=1

i=1
For the second inequality, we have that
| Awoo = max | AT, | < [Iwll2 macx | A2 = (w2
i€[n] ’ i€[n]

Proof of Proposition[3 Let us first note that, from the proof of Theorem [§ we know that

. 1 ~
Qw = vgle%)i Dy (w,wo) = 2 and  Qp = ;Erel%)% Dp(p,po) = logn

Then, using Lemmas [4 and [6] we can bound the regret of the w-player as follows:

7

Viogn
2

IN

T
logn . N ~ ~
RY +) [H(Pt—Pt1)TA!2||Wt—Wt|2 - (lwe = well3 + HWt—Wt1||§)}

TM
M= 1

logn
2

IN

_l’_

[Hpt Bl llwe — Fells - (Ilwe = ®l + [we —vAvHH%ﬂ

I
a

t

Similarly, for the p-player we obtain

N

< o+ 3 14w~ Sl = Bils = 5 (11 = Bl + o~ Bl

=1

~+

T
1
< Vign+y [uwt ~ Fallallpe — Bulls — = (e — Bl + e — ﬁtlni)]
— 2+/logn
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Adding both bounds then yields

RY 4 Rp < V08T
-2

+ +/logn
1 & [ 1

= 5> | ==Ilp: = Be-1llf + Viogn|w; — W3 — 2|[pr — Be-1]l1[[Ws — W2
2 pt Viogn

1
+ /logn|w; — Wi_q]|2 + —— — /12 = 2|lwy — Wy —-p
gn|wy t—1l12 \/mﬂpt pelli [[we t—1ll2llpt — Pell1

O]

A nice property of the MPLFP algorithm is that it provides a linear separator when
the data is linearly separable and an approximate certificate of infeasibility when it is not.
Such a certificate is a vector p € A" satisfying p' A = 0; the duality of the two problems
can be observed via Gordan’s Theorem. We call p € A™ an e-certificate of infeasibility if
|IPA|l2 < e. Next, we recover the convergence analysis of MPLFP, from [Yu et al.| (2014),
using the tools of no-regret learning.

Theorem 9. Let oy = 1. Then under Assumption % Zle wy has a non-negative margin
when T = Q (Lowgn) On the other hand, if maxwep,v(W) < 0, then %Z’le p: is an

e-certificate of infeasibility when T = Q (” log").

€

Proof. Note that in this setting, we have that m(w) = ~(w) for each w € By, and
%Zthl wy € By. Then, under Assumption we have that w* € By, so Theorem
and Proposition [3] yield

T T
1 1 .. RY4+RP .. RY+RP 3y/Iogn
gl (T t; Wt) =m (T ;:1 Wt) > m(w") — —F = y(w*) — —F 2T o

That is, the margin is non-negative provided that 7" > L;’f".
To show the second conclusion, let us begin by noting that with a slight modification
to the proof of Theorem [2| we can obtain

T T T
1 1 — _ 1 _ _
—_ 3 _ \ P _ - W p
V%z%tg(W’TZt:lPt)fpn;gw(TZWt’P)” i —m(TZWt>+R i

t=1 t=1
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Our assumption now is that maxwep, m(w) = maxwep, 7(w) < 0, so that

-
ma l ZT: Aw Cauchy-Schwar
X T 2 Pt y warz

weBy

1 T
= max g <W7T;pt>
< RY + RP

< 3/logn
- 2T

VRS
N —
IMH

T
N———
_'

N

Il

Hence, % 23:1 p: is an e-certificate of infeasibility provided that T > Léoeg”. O

Appendix D. Proof of Section 5
D.1 Proof of Theorem
First, based on the property of the objective function from |Ji et al.| (2021), we have

VR(llt)

“ATqg, =
q: R(Ut) )

where . .

exp (—y(z)u:x(l))
Z?:l exp (—y(j)u;rx(j)) .
Then, using the fact that vy = 0, we obtain

T t
Vi = Vi1 + tATQt = ZatAth = (Z ai) " T,
t=1 i=1

where we define rg = 0 and r; =

(31)

qti =

ﬁ Zle a;ATq; for t > 1. Then, we can rewrite

t t t t
1 1 1 1
St =S + — - —V; = — Ty,
TS YA z; z—|—1 ; z—|—1 Vi 41,2;2;1%. ’ 4; B

where we used the initialization sg = 0. Moreover,

=
1 1
u =s;_ 1+ 2(7 g o;r; + — 1)Vt 1= E o + T (32)

Combining and , we have

1
q = argming ' Aw; + Dp <q, )
n

qeAn
1 (A 1
= argrnln - Z a;q Ar; + awq' Ary_q | + Dg ( > .
qeAn n
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Additionally,

t .
ZaZATq, = argmmZaquAr 22221 i e |3
la’b i=1 reRd i=1 (33)
= argmanal (qTAr ||r\|§> .
reRd i=1

Note that since ro = wo and we can drop the 1| - |3 terms from the minimization in the
p-player’s update (since it doesn’t depend on p), we get that q; = p; and ry = w;. Finally,
we can conclude that

T

T T T
1 Z Ty = Zt:l Qg 1 Zt:l Ot ~
4

QWi =
T
4 D1 =1 4

Next, we turn to the regret. For the p-player, it uses OFTRL, so, based on Lemma
we obtain

T T
> adi(p) = Y cul(p)
t=1 t=1
T .9 2
1 t ”Awt_AWt—IHOO
<4 FE —
<1(mw-2(3))+ o HS

(34)

< dlogn + XT: 2 [maxie |9@ (wy — wi_1) x| [maxieq 9@ (we — wi_1) Tx0]]
t=1 8
2 2
< dlogn + Z tllwy 8Wt1||2'

On the other hand, the w-player applies FTRL™, and note that h¢(w) is 1-strongly convex.
Thus, the regret is bounded by

S e~ 3 ki) < — 30 D, iy (39)
t=1 t=1 T4

Finally, we focus on the margin. Combining , and , we have

—w  —p 2 Lo/ te—1) 8logn + 2

R +R :T(T—|—1)<410gn+;(8_ 1 >||wt Wi 1’2>_T(T+1)

where we used the fact that |[w1]|2 = [|[A qi]|3 < 1, and % < t(tll) for t > 2. Based on
Theorem [2] we have

T AWy — - = m(Wr) > — o2 .
min pT AWy — 5wl = m(wr) > — SIS i m(w) (36)



Next, note that w = wr. So

__8
T(T+1)

8 64

- TAWy — ——— ||lwrlI2
TT+1) P AWr — o e vl

810gn+2+ (w)

—————— + max m(w

B T(T+ 1) weRd
8logn + 2 8llwrlle .

>

=TT+ +m<T(T+1)W
8logn+2  8|wrl2 . T
T(T+1)  T(T + 1) pean® 2%

~ 8logn+2  8|wrl2y

T(T+1) T(T+1)

2(T(T +1))?

64/ w3
2(T(T +1))%’

which implies that

min p' Awr

pPEA™

w2

S 1w

_8logn+2 (38)
8[|l wr|l2

Finally, note that we always have % <1, so

T
D1

[Wrll2 > TW%V*

_ Zthl Xt 1
4
Thus, we have
min p' Asp

T
pPranye”: t=1

min p' Awrp
PEA™ pPEA™

T T (T 41 (39)
atpt> Aw* > (;—)’y

8logn + 2

[s7]|2

D.2 Proof of Theorem

Recall that oy = 1, for all ¢t € [T], and that the regularizer

— > = ==
ol =TT +1)y

ﬁ” - ||2 is 1-strongly convex

w.r.t. |- |lg- Then, for the w-player, based on Lemma we have Yw € R, ||w||, < 1,

+Z JAT( Pt Pt Dl

T
tzlht(wt)—ht( w) < 2 q—l

. 1 +Z [Py 13/ [Pt Pt— 1]zx( H;z;
2(q—1)n 2/n%
) (40)
S Ipe — peetlillx,
q _ 1 + Z 2/,,7w
||Pt Pt 1||1
TR
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On the other hand, for the p-player, applying Lemma [2] we get

T T
logn 1
th(Pt) —b(p) < —5 — Z 27p||Pt — pr1lli- (41)
=1 l =1 "

Thus, with n? = 1/n%, nV = ,/W, we get

Nk V2 =1)logn
(q_l) _ (p _T ) Ogn’ (42)

m(Wr) 27 -~ =7

where the equality is based on the relationship between p and g. Hence, we obtain a positive

margin when T > 7V2(p_71)bgH. On the other hand, let « € (0,1), and if we would like to

obtain
2(p—1)logn

v T

> (1—a)y,

Vv2(p—1)logn
we have T > =
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